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Abstract. We consider field diffeomorphisms in the context of real scalar field 
theories. Starting from free field theories we apply non-linear field diffeomor- 
phisms to the fields and study the perturbative expansion for the transformed 
theories. We find that tree level amplitudes for the transformed fields must 
satisfy BCFW type recursion relations for the S-matrix to remain trivial. For 
the massless field theory these relations continue to hold in loop computations. 
In the massive field theory the situation is more subtle. A necessary condition 
for the Feynman rules to respect the maximal ideal and co-ideal defined by 
the core Hopf algebra of the transformed theory is that upon renormalization 
all massive tadpole integrals (defined as all integrals independent of the kine- 
matics of external momenta) are mapped to zero. 
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1. Introduction: From field diffeomorphisms to the core Hopf 

algebra of graphs 

It has long been known that loop contributions to quantum S-matrix elements 
can be obtained from tree-level amplitudes using unitarity methods based on the 
optical theorem and dispersion relations. More recently, these perturbative meth- 
ods have been applied intensively in QCD and quantum gravity, where the KLT 
relations relate the tree-level amplitudes in quantum gravity to the tree-level ampli- 
tudes in gauge field theories ([Tj and references therein). Importantly, d-dimensional 
unitarity methods allow to compute S-matrix elements without the need of an un- 
derlying Lagrangean and represent an alternative to the usual quantization pre- 
scriptions based on path integrals or canonical quantization. 

In this short paper, we study field diffeomorphisms of a free field theory, which 
generate a seemingly interacting field theory. This is an old albeit somewhat con- 
troversial topic in the literature [3l |4| [5j HI 13 [8]. We address it here from a 
minimalistic approach: ignoring any path-integral heuristics, we collect basic facts 
about the Hopf algebra of a perturbation theory which stems from a field diffeo- 
morphism of a free theory. 
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As any interacting field theory, an interacting field theory whose interactions 
originate from held diffeomorphisms of a free field theory alone has a perturbative 
expansion which is governed by a corresponding tower of Hopf algebras [9J 110) . It 
starts from the core Hopf algebra, for which only one-loop graphs are primitive: 

(1) Ar = r(g)i + i®r+ ^ 7®r/ 7 , 

U.;7i=7Cr 

and ends with a Hopf algebra for which any 1-PI graph is primitive: 

(2) Ar = r®i + i®r. 

Here, subgraphs ji are one-particle irreducible (1PI). Intermediate between these 
two Hopf algebras are those for which graphs of a prescribed superficial degree 
of divergence contribute in the coproduct, allowing to treat renormalization and 
operator product expansions. 

All these Hopf algebras allow for maximal co-ideals. In particular, the core Hopf 
algebra has a maximal ideal which relates to the celebrated BCFW relations: if the 
latter relations hold, the Feynman rules are well defined on the quotient of the core 
Hopf algebra by this maximal ideal [10] . 

Gravity as a theory for which the renormalization Hopf algebra equals its core 
Hopf algebra is a particularly interesting theory from this viewpoint [111 . The work 
here is to be regarded as preparatory work in understanding the algebraic structure 
of gravity as a quantum field theory. 

2. Symmetries and Hopf ideals 

In the Hopf algebra of Feynman diagrams, Hopf ideals are known to encode the 
symmetries of a field theory [TD1 [T2] . Such (co-) ideals enforce relations among the 
n-point 1-particle irreducible Green functions (F^pj) or among the connected Green 
functions (r^), which generically are of the form: 

(3) r<& = r^^rfj, V j,k>2; j + k = n + 2. 
and hence 

(4) r (n) = r (j) ^rr (fe) v j, k > 2 ; j + k = n + 2. 

upon iteration. Here, we use a rather condensed notation where the subscript j 
indicates j external fields of some type. 

Note that the two-point function is never vanishing: a free field theory provides 
the lowest order in the perturbation expansion of a field theory, T^ 2 ) ^ even for 
vanishing interactions. Hence if F*- 3 ) = in Eq.(|3]) we conclude r<") = 0, n > 3. 

As an example, relations ([3]) underlie the BCFW recursive formulae for the com- 
putation of tree-level maximally helicity violating (MHV) amplitudes in Quantum 
Chromo dynamics [T21 Q3] . More generally, the relations ^ also hold for the cor- 
responding 1-loop and multi-loop amplitudes in QED and QCD, embodying the 
gauge symmetry of those theories, with Ward-Slavnov-Taylor identities being par- 
ticular instances of such relations when specifying the kinematics of longitudinal 
and transversal propagation modes. 

It is a general graph theoretic result that the sum over 1-particle reducible (1- 
PR) diagrams can be written in terms of 1-particle irreducible (1-PI) diagrams 
connected by one or several internal propagators 1/T^ 2 K 
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Connected n-point Feynman diagrams 

r (n) 

are either 1-PR or 1-PI diagrams, 
but for the massless theory we will show that the 1-loop connected amplitudes 
vanish when the external legs are evaluated on-shell. 

(k\ p(n) _ r (") iT-i(n) _v p(n) _ _p(«) 

\°J 1 IP/ ' 1PP — ' IP/ 1 1PP- 

From (JS|) one obtains Eq.© which characterize a Hopf ideal 101. In this case, 
the Hopf ideal is related to the diffeomorphism invariance of the massless theory. 

In the massive theory, instead, we will see below that connected n-point am- 
plitudes do not vanish due to the appearance of tadpole diagrams which spoil the 
Hopf ideal structure. A necessary condition to regain diffeomorphism invariance is 
the use of a renormalization scheme which eliminates all contributions from tadpole 
diagrams. This is also a mathematically preferred scheme (see [13] ). 



3. Definitions 

Let us consider real scalar fields defined on a 4-dimensional Minkowski space- 
time 4> = 4>(x) : R 1 ' 3 — > R and field diffeomorphisms F(cj>) specified by choosing a 
set of real coefficients {&fc}fceN which do not depend on the space-time coordinates: 

oo 

(6) F(4>) =^a fc fe+1 = (j) + a 1( j) 2 + a 2 (f) 3 + . . . (with a = 1). 

fc=0 

These transformations are called "point transformations" . They preserve Lagrange's 
equations, they are a subset of the canonical transformations [3J, and in the quan- 
tum formalism they become unitary transformation of the Hamiltonian [5j. 

The two field theories which we will consider are derived from the free massless 
and the massive scalar field theories, with Lagrangean densities L[<j)] and with F 
defined as in ([B]): 

(7) L[0] = \8^d^ L F [<fl = d»F(<f>), 

(8) L[0] = \8^d^-^4> 2 -> LfM = ^F^d^F^) - ^F(4>{x))F((j)(x)). 



4. The massless theory 
Expanding the massless Lagrangean (J7]) in terms of the field (f>, we obtain: 

1 °° 1 1 

(9) Lfo] = -£> M <W - d^d^Yl 2n\ dnr ' 

n=l 

where the couplings d ra are defined in terms of the parameters a n specifying the 
diffeomorphism F: 

n 

(10) d n = n\ y^(j + l)(n -j + l)oja„_j. 
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The Feynman rules for the symmetrized vertices of the Lagrangean (|9|) are: 

i 

(ii) x -> 4 (fc ' + --- +fc ' ) 

Once evaluated on-shell, the n-point tree-level amplitudes vanish for every n > 3 
and, in the classical limit, the field has the same correlations as a free massless 
scalar field. 

This is a consequence of the analytic properties of the S-matrix. When a 1- 
particle intermediate state is physical (i.e. the internal propagator is on-shell), the 
S-matrix element is supposed to develop a pole. However, the contribution of the 
n-point vertex to the n-point tree-level amplitude vanishes (being proportional to 
kfi according to the Feynman rules); any other contribution to the amplitude 
may only come from tree diagrams with at least one internal propagator (Figure 
[lj. An n-point tree is partitioned by an internal propagator into two tree- level 
diagrams, one m-point and one p-point tree diagrams (m + p — 2 = n). Since 
the external legs of the n-point function are already on-shell, it follows that if 
the internal propagator is on-shell, then all the external legs of the m-point and 
of the p-point amplitudes are on-shell. If the m-point and the p-point tree-level 
amplitudes vanish, the corresponding S-matrix element vanishes, just the opposite 
of developing a pole. Since it is easy to show explicitly that the 3-point tree-level 
amplitudes vanish, the argument above is a recursive proof that all the tree-level 
S-matrix elements of the theory vanish for n > 3. 




Figure 1. Example of a tree- level Feynman diagram with an in- 
ternal propagator (blobs represent arbitrary trees). When all the 
external legs are on-shell, the internal particle becomes physical. 
However, instead of contributing a pole to the S-matrix element, 
the diagram can be recursively shown to vanish. 

The same can be obtained by an argument which is by now standard in the 
study of massless scattering amplitudes. Assume we have partitioned the n-point 
scattering amplitude A n as above. Let us shift one of the incoming momenta in 
the amplitude A rn by qi — >• qi + zq, q 2 = = • q, for z a complex parameter, and 
let us shift a momenta of the amplitude A p accordingly, qj qj — qz, q ■ qj = 0. 
We obtain a z-dependent amplitude A n (z) = A m (z) jy* p ^ +zq y 2 A p (z). Using our 
Feynman rules and the fact that q is light-like so that the contour integral in z 
has no contribution from a residue at infinity, we find that the residue of A n {z)Jz 
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is minus the on-shell residue of the intermediate propagator. We hence find the 
expected reduction to on-shell evaluations of A m ,A p : we conclude from the fact 
that ^3 vanishes on-shell the vanishing of all higher n-point amplitudes. 

4.1. Loop amplitudes. The superficial degree of divergence (s.d.d.) of a loop 
diagram T computed from the Feynman rules in (|11[) is: 

(12) s.d.d.(r) = |r|(d-2)+2, 

where T| is the number of loops in the diagram and d is the dimension of space-time. 
Notably, loop diagrams are divergent regardless of the number of their external legs, 
making the theory non-renormalizable by power counting. This is a consequence of 
the vertices in (|11[) being proportional to the square of the incoming momenta and 
the propagators being proportional to the inverse square of the momentum which 
they carry, so that the contribution towards the convergence of a loop integration 
from each propagator is cancelled by the contribution towards divergence from each 
vertex. A similar power counting appear in the perturbative field theory of gravity 

m 

The vanishing of the tree-level amplitudes, implies that the 1-loop n-point con- 
nected amplitudes vanish for every n> 1. The proof is a straightforward application 
of the optical theorem: 

(13) 23M(in -> out) = J II d d fc 4 M*(out -> mid)M(in mid) 

mid iGmid 

where "in", "out" and "mid" are the initial, final and intermediate states respec- 
tively. 

The optical theorem is equivalent to the application of the Cutkosky rules j!7) : 
cut the internal propagators in all the possible ways consistent with the fact that 
the cut legs will be put on shell; replace each cut propagator with a delta function: 
(k 2 — m 2 + ie)^ 1 — > —2iri5(k 2 — m 2 ); sum the contributions coming from all 
possible cuts. 

These prescriptions reduce the computation of loop amplitudes to products of 
on-shell tree-level amplitudes. For the theory described by (O the vanishing of 
all tree-level amplitudes implies the vanishing of the 1-loop connected amplitudes, 
and similarly at higher loop orders. Note that this implies the use of a kinetic 
renormalization scheme such that: 

i) the finite renormalized amplitudes have the expected dispersive properties, 
and 

ii) the finite renormalized amplitudes do not provide finite parts which are not 
cut-reconstructiblc. 

Any minimal subtraction scheme in the context of dimensional regularization 
would have to be considered problematic in this context, while a kinetic scheme 
as in |15j is safe in this respect. Assuming the use of a kinematic renormalization 
scheme, no counterterms need then to be added to the Lagrangean and the theory 
is not only renormalizable, but indeed respects a trivial maximal co-ideal: 

X*_ _ X n+1 

which is solved by X 3 — 0, X 2 ^ 0, as expected. Here, the X % are the formal sums 
over 1PI Feynman graphs with i external legs. 
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In the following we will see that the cut-constructibility of loop amplitudes from 
tree amplitudes does not extend to the massive theory ([8]) due to the appearance 
of tadpole diagrams which hinder the application of the optical theorem. 

5. The massive theory 
Expanding the massive Lagrangean ([5]) in terms of the field 0, we obtain: 

(15) L[0] = -d^4> ~ ^-0 2 + d^d^Ys^-dn^ + £ ra cnf +2 

71=1 ' Tt = l ^ >' 

where the {cZ n } ra gN are defined as in (|10[) and the the {c n }„ e N are: 

2 (» + 2)! ^ 

(16) c„ = -m - } ^jdn-j 

3=0 

New Feynman rules for the "massive" vertices proportional to the couplings c ra 
complement the Feynman rules in (jlip : 





A 


-> i c\ 


(17) 


x - 








■> ic 3 



5.1. The interplay of propagators and vertices. Defining the inverse propa- 
gators Pj's as: 

i i 

propagator = — = j 

Pj hi- — m z 

the derivative vertices in (|11[) can be re-written in terms of inverse propagators: 





•^l/o 2 

— > i — (3m - 
2 v 


h Pi + P 2 - 




X 


-> z — (4m - 
2 v 


r- Pi + . . . - 


f p 4 


* 


-> *|(5m 2 - 


1- Pi + . . . - 


f p 5 



This formulation clearly shows that vertices with derivatives can then cancel the 
internal propagator connecting them to a second vertex, effectively fusing with the 
vertex at the other end of the propagator and generating a new contact interaction 
(Figure [5]). These terms typically do not vanish, even when the external legs are 
on-shell but, surprisingly, explicit computations revealed that after summing all the 
relevant terms, all the on-shell tree-level amplitudes do vanish, up to the 6-point 
amplitude^. A general proof valid for any n-point amplitude is, however, still 
lacking (once again, the explicit checks up to six-point amplitudes can also be done 
by promoting internal propagators into complex space, with cancellation of poles 



These cancellations in general do not happen for any couplings {cn} n ^fj and {<in}n£N t> u * 
only for couplings {c n }„gjj and with relations implicitly encoded in l|16|l and l|10|l . 
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at infinity to be explicitly checked upon summing over all contributing massless or 
massive vertices and over all channels). 

y< - >•< - x 

Figure 2. Vertices proportional to inverse propagators can effec- 
tively generate new contact interactions and modify the topology 
of Feynman diagrams, occasionally creating new tadpoles. 

5.2. Loop amplitudes. For the massive Lagrangean (fl"5|) the divergences of 1- 
loop Feynman diagrams do not cancel and the n-point 1-loop amplitudes remain 
divergent. The residues of the 2 and 3-point amplitudes are: 

Res(2-pt) = 2aln 2 m 2 (2q 2 - m 2 ) "'^T 2a\ir' 2 m i 

Res(3-pt) = (-8aJ + 12aia 2 )7r 2 m 2 ( g 2 + g| + ^ 2 ) + (24aJ-30aia2)7r 2 m 4 

(18) ?2 =T 2 6aia 2 7r 2 m 4 

Note that, for the 3-point 1-loop amplitude, internal massive and massless vertices 
of valence 3,4 and 5 contribute so that a rather large class of diagrams had to be 
computed to hnd the expected reduction to tadpole terms. 

The residues of some of the 2- and 3-point Feynman diagrams contain terms 
proportional to g 4 , which are not present in the original Lagrangean. However, 
when the residues relative to all the Feynman diagrams are added up, no terms 
proportional to g 4 are left. Thus, the derivative terms in the Lagrangean can 
absorb the q 2 -depcndent part of the residues and the massive terms absorb the 
g 2 -independent part. 

Interestingly, the residues of the full 2- and 3-point amplitudes turn out to be 
proportional to the residue of the corresponding 2- and 3-point tadpoles. Notably, 
however, the residues of the on-shell 2- and 3-point amplitudes are due not only to 
tadpole diagrams: they also originate from Feynman diagrams with other topolo- 
gies whose internal propagators are cancelled by derivative vertices to generate 
the before-mentioned contact terms (Figure [2]). This gives contributions which are 
effective tadpoles and which renormalize to zero in a kinematic renormalization 
scheme. In a kinematic renormalization scheme the subtraction of amplitudes eval- 
uated at different energy scales automatically removes tadpole contributions which, 
by definition, arc independent of the external momenta and thus cancel out in the 
subtraction. 

Partial results on the 4-point massive amplitude hint to the fact that this pattern 
is likely to extend to generic n-point functions. 

Summarizing, we can end this short first paper with a conjecture: 

In a kinematic renormalization scheme, massless and massive free field theories are 
diffeomorphism invariant. 

Future studies will have to focus on an all order proof of the tree-level recursion and 
an explicit proof that the non cut-reconstructible amplitudes vanish in kinematic 
renormalization schemes, as reported here for low orders (in the massive case). 
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